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Abstract 

We analyze the possibility of extracting S matrices on pp waves 
and flat space from SYM correlators. For pp waves, there is a sub- 
tlety in defining S matrices, but we can certainly obtain observables. 
Only extremal correlators survive the pp wave limit. A first quan- 
tized string approach is inconclusive, producing in the simplest form 
results that vanish in the pp wave limit. We define a procedure to 
get S matrices from SYM correlators, both for flat space and for 
pp waves, generalizing a procedure due to Giddings. We analyze 
nonrenormalized correlators: 2 and 3 -point functions and extremal 
correlators. For the extremal 3-point function, the SYM and AdS 
results for the S matrix match for the angular dependence, but the 
energy dependence doesn't. 



1 



1 Introduction 



One can understand holography rather straightforwardly in the usual AdS-CFT correspon- 
dence p. The boundary of global AdS$ x S 5 space is S 3 x R t . Supergravity correlators 
in the bulk, with sources living on the boundary, are the same as SYM correlators on the 
boundary Ej. SYM operators on the R 4 plane correspond by conformal invariance to 
states on S 3 x Rt, and are mapped by AdS-CFT to normalizable modes in global AdS 5 x S 5 . 



The size of AdS$ x S 5 in string units is given by the 't Hooft coupling, R/y/o/ = 

(gl M N) 1/A , and thus can be varied. Increasing the size of the space will lower string a' 
corrections, but given that the AdS observables are defined by putting sources on the bound- 
ary, it would seem that we will always feel the curvature of space (expressed by the SO(d,2) 
invariance of AdSa+i, mapped to conformal invariance on the boundary). Yet it should also 
(intuitively) be possible to obtain a flat space limit, in which in particular one should be 
able to define S matrices. There were several proposals for how to do this jH El El HI IE] , but 
all suffered from some problems, basically stemming from the difficulty to eliminate the con- 
tribution of the boundary in AdS observables, and keep only contribution from a (quasi)flat 
region of space in the middle of the bulk. 

On the other hand, it was found in ["J] that one can take a particular limit on the AdS$ x S 5 
space, the Penrose limit, that focuses in on a null geodesic sitting in the middle of AdS$ 
and spinning around on the S 5 , and understand it from SYM. The point was that we need 
to take a subsector of SYM, involving operators of large R charge. The issue of holography 
though is very tricky, since the original AdS-CFT has no reason to apply anymore, as we are 
focusing in on a region far away from the AdS boundary. The issue generated some confusion 
[T""l rm IT!?] , but in "T3] it was pointed out that for the pp wave correspondence holography 
works in a different way: One has a map between SYM states on S 3 x R t , dimensionally 
reduced on S 3 , and the string worldsheet, identifying the SYM time t with the worldsheet 
time r of the string, in first quantization or second quantization (string field theory). Many 
calculations followed exploring this correspondence ( [T""J [Tj"", [TJ"1 113 CHI 113 ED] , ••• for a more 
complete list see e.g. j2JJ)> and getting agreement between SYM calculations and string field 
theory calculations in the pp wave. Thus holography is in this case of a radically different 
type, linking SYM theory to worldsheet string theory. A different approach was also tried 
[2*2*1 E3 El] , in which holography on the pp wave acts through instantonic (complex) paths 
that do reach the AdS boundary in the pp wave limit, but that also has its problems. 

On the other hand, now that we are actually in the middle of AdS, it is conceivable 
that we could more easily define S matrices, a fact that we saw was hard before (for taking 
directly the flat space limit). In fact, as was already noticed in |13j . a simple order of 
magnitude calculation shows agreement between an amplitude obtained from SYM (A ~ 
Ji,E J') an d amplitudes (vertices) of S matrix type, i.e. obtained from the pp wave 
supergravity acting on normalizable wavefunctions (.4. ~ g s p 3 ^ 2 fi(^2Pi ~ Y^Pi))- ^ therefore 
seems likely that we can define S matrices on pp waves and derive them from SYM. The 
question of defining S matrices on pp waves was addressed in [23] and it was found that 
there seems to be a consistent definition at tree level. 
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There is one more problem with this fact though *. Namely, there is a subtlety in the 
definition of S matrices for massless external states. On the pp wave, string states have 

where we have rewritten the first term in terms of discrete momenta Pi that will become 
continous in the flat space limit of the pp wave (fi — > 0). To construct the S matrix we first 
construct wavepackets 

0=^2 j f -^^^(p + ,P")0n,p+, P -(a; + ,a;",a; i ) (1.2) 

n 

where 0^ p + iP -(x + , x~, x l ) are the eigenmodes of the wave operator, or equivalently 

^ >= E/ %-J 4^<t>n(P + ,p-)\n,P + ,p- > (1.3) 
ft 

The boundary of the pp wave space is a one dimensional null line, parametrized by x + 
[12], and so asymptotic states can only be defined in one direction (x~), parametrized by 
p + . Indeed, in the transverse directions (x l ), there is a harmonic oscillator potential, thus 
states are just parametrized by oscillator numbers, but are not asymptotic, and then the 
energy p~ is derived on-shell from them. Thus define S matrices as scatterings in a two 
dimensional effective theory {p + ,p~), with extra discrete indices (oscillators): 

A = Ys^(P + iP-)(P~ -£(n,P + ))MP + ,P~) +&nt (1-4) 

H 

Note though that now the dispersion relation (jl.lj) at M = has no p + dependence (in the 
form after the first equal sign), i.e. dp~ /dp + = so no group velocity, thus one cannot kick 
the waves (251 • Another way to spot the problem at M=0 is to try to write down cross sections 
using the wavepackets. Following what happens in flat space when we use wavepackets to 
turn S matrices to cross-sections, we see the problem: S matrices have overall momentum 
delta functions S d (^2Pi), but external particles are on shell, thus integrations are over d d " 1 kj. 
Usually, the last integration in do is of the type 

j dp l ^^5{E ls -...)... (1.5) 

where the last delta function remains from the S matrices. If E is a function of p, then the 
delta function is cancelled, but if not, like for the massless S matrices in our case, the delta 
function remains in the final result for do/dQ, making it infinite. 

Our point of view is that first of all, even if it is multiplied by an infinity, the massless S 
matrix thus defined is still an observable, that one can try to get from SYM. Second, we can 

*We thank Juan Maldacena for pointing this out to us. See also the Note added in [55] 
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always mimic what happens in the flat space limit of the pp wave, as we did in the second 
equality in (jl.lj) . That is, write down wavepackets in the discrete momenta Pi = ^/Jvp^Noi 
that localize particles in the x % directions. As a perturbation around flat space, this should 
be possible, although it is not clear if it is possible in general (this would amount to having 
asymptotic states). If this procedure is valid, it would generate the effective p + dependence 
for the massless case in the second line of (jl.lj) . 

In this paper, we will try to get the S matrices thus defined from SYM correlators, using 
a generalization of the procedure put forward by Giddings [S] in the massless AdS case. To 
our knowledge, there was no direct test of the procedure available, so we will also try to do 
the simplest case. 

We will first explain and expand on ideas from [T^], in section 2. Specifically, we will show 
that as far as extracting pp wave S matrices from SYM, only extremal correlators survive, 
all other correlators becoming subleading in the limit (cannot be expressed in terms of pp 
objects alone). This is similar in spirit to the fact that in the limit, only certain operators 
(BMN) survive from SYM. 

In section 3, we will show that the first quantized string calculation in [21], while correct, 
gives a result that is vanishing in the Penrose limit, and again only extremal correlators 
will survive. In [213, the correlators < I 2 \O l3 \I\ > were analyzed on both AdS and SYM 
sides, and interpreted as a pp wave string amplitude for a state \Ii > (with k\ = k\ + J in 
SYM) to go into a state \I 2 > (with k 2 — k 2 + J), by propagating in the perturbed metric 
produced by Is (with k% = k^), but this object vanishes in the Penrose limit. We say how 
one could obtain a nonzero result and show that this forces us towards the string field theory 
calculation, where p + changes, i.e. J 3 = J\ — J 2 of the same order as J 2 . In that case, 
extremality of SYM correlators is forced upon us, as conservation of pp wave momentum p + . 

In section 4 we will explain the Giddings procedure for extracting S matrices from SYM 
correlators, and generalize it to the case of nonzero AdS mass and then to pp waves. Ba- 
sically, one needs to turn boundary to bulk propagators in global AdS into normalizable 
wavef unctions. We show that AdS wavefunctions have the correct flat space and pp wave 
limits, and also that pp wave wavefunctions go over to flat space wavefunctions. 

In section 5 we set out to test the procedure using the correlators known to be non- 
renormalized: scalar 2 and 3-point functions and extremal correlators. The general 2 and 3- 
point functions are relevant for the flat space limit, while the large charge extremal correlators 
are relevant for the pp wave case. We compare in detail the simplest case of extremal 3-point 
function on both sides. 

In section 6 we present our conclusions and avenues for future work. Appendix A offers an 
overview of correlators and holography in the various coordinates used (Euclidean Poincare, 
Lorentzian Poincare, Lorentzian global, (t, u) cylinder). Appendix B contains the expansion 
of the delta function in spherical harmonics (for comparison with SYM calculations). Ap- 
pendix C contains identities needed for the limits of AdS wavefunctions, and Appendix D 
contains the general 3-point function of scalars. 
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2 Extremal correlators and the Penrose limit 

In this section we explain and expand the points made in ^H] about the importance of 
extremal correlators in the Penrose limit. 

In order to define S matrices on the pp wave we need to understand the relation between 
the normalizable modes on the pp wave and states in SYM. 

The pp wave metric is 

ds 2 = 2dx + dx~ - fi 2 r 2 (dx + ) 2 + dx i dx i (2.1) 

where r 2 = x l x l . 

The normalized solutions to the wave equation on the pp wave 

(□ - m 2 )(j) = (2<9+<9_ + /i 2 r 2 d 2 + d 2 - m 2 )(f) = (2.2) 



are 



4> = 4>(x + Mx-)M^) = (e* - ^ )(Be^--) TT( ^f? 1 * e^ff (^)) (2.3) 



where 

8 1 

-2p + p~ = 2/ip + ^(rii + -) + m 2 (2.4) 

i=l 

and the normalization constant B depends on the problem. In the gravity calculation in SYM, 
one takes the noncompact B^c — ^-/Vp^ delta function (in momentum) normalization. But 
the pp wave limit comes from the (modified) Penrose limit of AdS, where p + = J/R 2 , as x~ 
is a circle of radius R 2 . Therefore, when we calculate SYM amplitudes rather than gravity 
amplitudes, we have to use the compact normalization (5j lt / 2 ) for states, thus 

B C = ~jL- = ^ (2.5) 

and correspondingly gravity amplitudes (noncompact) with m external legs are related to 
SYM amplitudes (compact) via 

A NC = R m A c (2.6) 

but we also need to remember to change the momentum conservation delta function according 
to 

S(pf n ~ Ptut) = R 2 Sj m , Jout (2.7) 

A closed string field <fi in the pp wave background, for definiteness a (massless) graviton 
mode, will have an interaction (vertex, obtained in this case from expanding the Einstein 
action) of the type 

d s rdx + dx-<p 2 U<p (2.8) 
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that will give a 3-point function that behaves as (keeping only p + factors and dropping the 
+ index) 

A N c ~ 9sP 3/2 S(P3 -Pi- P2) (2.9) 
It will convert in SYM variables to 

73/2 

Ac ~ —Sj 3 ,j 1+ j 2 (2.10) 

and note that the p 3 ! 2 behaviour is the unique behaviour that converts into a SYM amplitude, 
so we chose a representative vertex. Viceversa, the J 3 ^ 2 /N behaviour is the unique SYM 
behaviour that translates into a closed string 3-point vertex, without extra powers of R that 
take us away from the Penrose limit (given that we need to have g s and the delta function). 

Any SYM 3 point function that behaves in a different way will not translate into a good 
pp wave amplitude (but rather into an AdS amplitude, away from the Penrose limit). 

The class of SYM correlators that have been proven to be not renormalized is composed 
of 3 point functions and so called "extremal" scalar correlators, when the number of fields on 
one operator matches the sum of the others, k± = k2 + ■■■ + k n , or more generally k\ + .... + k n = 
k n+ i + ...k n+m , which was conjectured in |2Zj to have a nonrenormalization theorem. 

Extremal correlators match with AdS calculations only when one takes into account a 
certain analytical continuation. Indeed, the AdS calculation for 3 point functions starts with 
a coefficient for the 3-point vertex that is zero: = k\ + ki — k% = 0, but in the AdS 3-point 
function it gets multiplied by l/«3 |28j . 

When we take the Penrose limit however, the J momenta become continous (p + ), and 
the delicate problem of analytic continuation dissappears. 

The 3-point function of scalar operators has been evaluated exactly and has a factor of 
y / k 1 k 2 k^/N, thus if all the /c's are of order J, the correlator is of order J 3 / 2 /N as we claimed 
that we need, and there would be no problem. There is also an invariant tensor < C lx C l2 C hi > 
that would need to be rescaled, but in the general case it would not bring in new powers of 
J. However, in the Penrose limit we are interested in operators that have mostly Z insertions 
(where Z = $ 5 +2$ 6 is a complex scalar) and only a few <3>* "impurities" (i=l,4), and then we 
can have new powers of J. We will also complexify the impurities $ = $ 1 + z$ 2 , $' = $ 3 + z$ 4 , 
but we will generically write $. 

There is a simple way to see the J 3 ^ 2 /N behaviour. Let's begin with the contraction 
(overlap amplitude) of between a 2-trace operator 

, — l K =!-{x) 2.11 

and the single trace operator (with J = J± + J2) 

Y,i<&Z l $Z J ~ l 

Vjn j + 2 

We can see that the non-planar overlap of the two will be of order 

J 2 



z) (2.12) 



(2-13) 
N\/l 
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where the NyJ comes from the normalizations and the J 2 comes from a choice where to 
break the two strings to be glued with respect to their origin. This result was obtained from 
free SYM overlaps, but this is also what happens in AdS-CFT, and here we just have a limit 
of that calculation. 

Notice that we could have taken just as well instead of the double trace operator two 
single trace operators at different points, 

Tr(*Z*) Trm*) 

and the calculation would go through. 

We can easily convince ourselves that this calculation also goes over if we have ai inser- 
tions in the first trace (Ji), a 2 insertions in the second trace (J2) and a = ai + a 2 insertions 
into the single trace operator, the difference in normalizations being compensated by extra 
factors from summations. So in the Penrose limit, these "extremal" correlators all give the 
correct result. 

What happens if we go away from extremality? The simplest example is the correlator 
Tr($Z Jl $) Tr($Z j2 ) Tr(<S>Z Jl+j2 )* 

where we have dropped the summation in the first operator and wrote the fields in the order 
of contraction (and the neighbouring $ and $ are contracted as well). We need to make one 
contraction between operators 1 and 2, thus it is a step away from extremality. 

To remain in the planar limit (and thus have a 1/N interaction) we need to keep the $ 
and $ as they are, and thus the summation brings in only a factor of J, not J 2 , and the 
norm factors are the same as before, thus the amplitude is of order \/~J /N, down 1/J from 
the previous. 

We can easily convince ourselves that all 3-point non-extremal correlators in the Penrose 
limit will have the same fate, namely they will be subleading, and as such will not have 
a gravity interpretation (only away from the limit, in AdS). Moreover, exactly the same 
argument can be generalized easily to show that only n + m-point extremal correlators 
k\ + ... + k n — k n+ i + ... + k n+m survive in general. 

In the general extremal correlator case, with n + m = q, the closed string interaction will 
be of the type (again, for example, by expanding the Einstein action) 

g q ~ 2 J d*rdx + dx-(j) q - l n ( j) (2.16) 

which will give a gravity amplitude 



Anc - 9r 2 ^^-5(J2p* - $>) (2-17) 

i=l j=l 



2\q-2 



that will translate into SYM variables in 
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and that will be what one gets from the extremal SYM correlators as well. 

The flat space limit of the pp wave means fi — * oo. In this limit, (p 1 ) 2 = fip + rii becomes 
continous and the pp wave supergravity on-shell relation becomes the flat space one, 2p + p~ = 



-*2 i 2 

p + m . 



Similarly, the string modes 



->-"EE^>^ ("»> 

become, with the momenta (zero modes) as before (just with a change of notation), p 2 = 
'52 i fip + N 0ji , in the flat space limit 

-2p+p- = f + M 2 ; M 2 = - i Y,Y. N ^ ( 2 - 2 °) 



a' 

i rii 



3 The first quantized string approach 



In this section, we will show that the calculation in [22] while correct, it gives a result that 
is vanishing in the pp wave limit, and the only nonzero result comes from extremal SYM 
correlators. We will also see that it is hard to calculate string S matrices using this approach, 
but we can say a few general things about it. 

In ; the 2-point functions of normalized chiral operators were given 

< 0{x x )0{x 2 ) >= (3.1) 

\ x 12\ 

implying a 3-point function 

< 0{x 1 )0{x 2 )0{x 3 ) >= — — — ^— 3.2 

JM \Xi2\ 3 \X23\ /Ql |Xi3| /a2 

All of these correlator calculations correspond, as mentioned, to Euclidean Poincare AdS. 
Here 2a 3 = k\ + k 2 — k 3 , etc. 

As we can see, if all the 3 charges fcj are of order J in the large J limit, and the SO(6) 
tensor is of order one, then the 3-point function is of order J 3 ^ 2 /N. The explicit proof in 
the previous section and in [T3] shows that this is the case for BPS extremal operators (with 

h = k 2 + h). 

In j2E], the case analyzed is k± — k\ + J, k 2 = k 2 + J, k 3 = k 3 , with tilde quantities kept 
fixed. The analysis finds the result 

< O (xi )0 [x 2 )0 x 3 >= — — — — 3.3 

JS a 3 \ pi2| ^ 3; F23| Fi3| 

which we can already see that is sub leading with respect to the previous in the large J limit. 
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As we mentioned, we can take more easily the Penrose limit in the (t, u) coordinates. 
Correspondingly, on the boundary we must make the conformal transformation + Wick 
rotation to the Lorentzian cylinder via Xi = e T ej, r = it. 

The conformal transformation acts as usual also on the boundary CFT operators, such 
that 

0' I (r,e l ) = e kT I (x) (3.4) 

and if we choose —T\ 1 {x,\ very close the origin so that we can say |x 12 | ~ 1^2 1), the 
2-point function becomes 

< Q'hQ'h >= glih e -kfa-n) ( 3 5 ^ 

which means that the state (on the cylinder), which corresponds to the operator 0(x) is 
0"(T,e)\Q >= e kT \I >, where < I 2 \h >= 5 hh . 

For the 3-point function, chose then to have —T\ ^> 1 also, which is to say x\ was 
chosen as (very close to) the origin on the plane, which is always possible. 

But they also chose in the case of the 3-point function r 2 1 (x 2 at infinity), which is 
not always possible, since we want to keep the metric of S 3 x R invariant. It is possible to 
do that by a conformal transformation, but that takes us away from the cylinder. 

If one takes nevertheless also r 2 3> 1, such that |xi 2 | ~ e T2 ~ |a?23|> — e 7 " 3 , one then 
can put the SYM 3 point function in a matrix element form and get 



7l-fc 3 /2 /% \u \u 

< I 2 \O h (T 3 ,e 3 )\h >= J —— e -^fe-^) Vfci. fe 2 .fc 3 < c ~ Jlc ~7 2C ~7 3 > (3 6) 

N a 3 \ 

Again, this result is subleading (proportional to J 1 ~ fe;i / 2 /A r ), but as mentioned it is put in 
a form that looks like a string matrix element. One would think one could rescale 3 [26J, 
but one can't do that, since it is already normalized! 

Turning now to the AdS side, the large J limit becomes the Penrose limit, taken by 
setting t = x + + x~ /R 2 , if) = x + — x~ /R 2 , u = w/R, v = y/R. 

If one hopes to have the same type of holography as in AdS, one takes the Penrose limit 
of the bulk to boundary propagator in (t, u) coordinates, after which the propagator becomes 
independent of u (or x, or rather w, after the Penrose limit) as well as e', and instead becomes 
one dimensional dependent (on x + and t') 

^''^■ ? '- 2wS-f)l ^ 

This is the propagator from the center of AdS (u=0) to the boundary (u = oo), in the pp 
limit. 

We note here already the problem. The propagator used above connects the boundary 
with the center of AdS, but the Penrose limit focuses only on the center of AdS, so use of 
(13. 7J) should give a zero result. 

If one nevertheless takes this propagator and calculates the string scattering, we will see 
that one still gets a result that is zero in the Penrose limit. 
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One can use the usual AdS-CFT prescription of Witten to relate the partition func- 
tions Zsym — Z string , and as the string partition function can be expressed formally and 
schematically as 

Z = J DX^Dh a(3 ...e iS = J DX»Dh aP ...e iSo {\ + j d 2 aVhh af3 d a X>*dpX v f^X?) + ...) 

(3.8) 

where f uu (X p ) is the graviton wave function, in this case h ++ , and the nontrivial insertion 
is the vertex operator for the graviton (however, that is not of definite momentum as usual). 
It is also equal to 

p+oo r2iTa'\p—\ 

S int (h ++ ) = -/ dx + / dah ++ (x + ,y) (3.9) 



4ira' 



oo 



and then 
is equal to 

In the string calculation, 



SZ _ 6 iS int {h 

r i \strinq < ~-'2 r. / \ 

5(po d(po{x 3 ) 



string ~< h\ £A JZ \ 1^ 1 > (3.10) 



6 Z 

T—\SYM =< I 2 \0 3 {X3)\Il > \ S YM (3.11) 



Sh 



++ 



mm (3 ' 12) 

is related via a rescaling to the bulk to boundary propagator (J3.7J) . The rescaling is performed 
to give the canonical scalar KK fields of [2H], s 1 ~ (R 3 ^ 2 / N)^ 1 , after which the metric 
perturbations corresponding to these scalars are calculated. They are h ~ R 2 ks I Y I and the 
final formula is 

Sh ++ i? 2 -^(A;j+l)v^7 



6<f> {1f,&) N2 k '/ 2 cos k ' +2 [{\ - ie)(x+ - t')f ^ 

(note that in fiMNdx M dx N only h ++ = h tt + survives). Here kj = fc 3 so is finite in the 
pp limit and R 2 oc J, so the string amplitude is oc J 1 ^ 1 ' 3 ^ 2 /N, same as the gauge theory 
amplitude, thus it is not finite. 

The final result depends only on the boundary time t% (as the e% dependence was lost 
in the pp limit), and matches the SYM result, however it can't be reexpressed only in pp 
wave (finite) quantities, since as we saw, it is actually sub leading in the limit. One needs 
explicitly R and N. 

So how could we salvage this calculation and get a finite amplitude in the pp wave limit? 
As we mentioned, we need to take O3 to have large charge also. If we don't restrict to small 
charge, 

5 _h+± = i^ rA ,2 , flax Ss 1 . R 2 (k I + l)Vh j , , 

5Mt',e') k+V 'Vo(^e') " N2 k t/ 2 cos k '+ 2 [{l-ie){x+ -t>)] 1 ; 
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but now we don't have Y 1 = R k C(y) but rather 



Y\i),v) = [[j )]V2 2 -J/V J ^(1 - v 2 ) J l 2 C\v) (3.15) 



and since C(v) = R h C(y) we get 



'fc x ! 

It is interesting to note that if we took the limit now on h ++ , we would get therefore 

5h++ j J 5 / 2 

2~ J —- (3.17) 



and this is the wrong type of result: if we ignore the 2~ J as part of the space dependence, it 
is too big! (f>/ 2 /N instead of J 3 / 2 /N). 

The reason for this discrepancy is rather sneaky. By taking first if = — oo before the 
Wick rotation and the pp limit, we saw that in the propagator 2~ k cos~ k (...) was replaced 
by e~ lkt (l + u 2 )~ k l 2 (see Appendix A and specifically (jA.36|) for details) and the interesting 
fact is that (apart from getting rid of the unwanted 2~ k factor) now, unlike before, (k 2 + 
d^Ss 1 /5(f>o ~ {k 2 + d 2 )K B Q = in first order, so we have to look for subleading behaviour 
in J. 

Indeed, as j2H] show, one gets 

Xch ln+l^l/ 2 ^/7 

0S Y h = lP 1 J c -iP + *--ikix+-\p+\{ W *W)/iQh^ (3.18) 

S( f>o 4Ny/h\ 



and now the factors leading to h++ (AR 2 / (k + l)(k 2 + d 2 )) don't bring an extra J 2 as before, 
but rather J, leading to a good 

73/2 

h++ ~ — (3.19) 

(finite) behaviour. 

In conclusion, two things must be done in order to obtain something finite in the pp 
limit. The first is to take 0% to have dimension of order J as well (formally, in one 
went from a k 3 = k 3 perturbation to a k± — J + k\ perturbation). That already forces us as 
far as leading behaviour goes to take extremal correlators (as the only ones that behave as 
,P' 2 /N). 

The second is to take propagators where the boundary point has been already put to the 
origin and use this new propagator. 

But in going from the h ++ of j2H] to the finite perturbation , there is a change of in- 
terpretation. The first used the bulk to boundary propagator for Sh ++ /5(j) (t 3 , e 3 ), namely 

< 0|s /3 (t,f)O /3 (t 3 ,e 3 )|0 > (3.20) 
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which contained an operator of finite therefore can't be mapped to a string state on the 
pp wave (would have zero p + ), and moreover it still has dependence on the boundary point, 
therefore the role of O li is to couple to a boundary source, thus relating it to the 3-point 
SYM function < h\0(t 3 , e 3 )|/ 2 > \sym- 
But in our case, 

<0\s h (t,x)O h (-oo)\0> (3.21) 

is mapped to 

< 1 s Zl | > (x + ; \w\,x~,y) (3.22) 

which has no more dependence on the boundary point, defines a state, and depends only on 
x + and coordinates transverse to the boundary. 

It is conceivable therefore that there would be a way of constructing a vertex operator of 
definite momentum along x + and integrated as before over the whole space. 

Unfortunately, it is not clear how to calculate the finite amplitude in this first quantized 
string formalism, since p + changes in the amplitude ( J\ = J2 + J3, thus pf = p\ + p\ ). It 
is rather a string field theory calculation (which was already done by many people) which 
makes more sense. 

But one sees that however the calculation will be done, the result will be correct. In |26j . 
h ++ has already the final leading dependence, of J l ~ k ^/ 2 j 'jV ', since the evaluation of string 
oscillators brings only finite quantities, the same as the integrations. In our case, 11++ is 
already of order J 3//2 /N, so one just needs the correct prescription for the vertices to get the 
right result. 

4 S matrices from SYM 

Set-up 

The natural observables in AdS-CFT are correlators. But in flat space we have the LSZ 
formula that relates them to S matrices (observable), 

II / d A Xl e^ J d%e~ lh ^ <n\T{4>(x l )..4(x n )(f>(y 1 )...4>(y m )}\n> 

~ , lim o (II 2 2*. • )JI t -2 2, ■ )S(pu... Pn ;h,...k m ) (4.1) 
p$-+E p i,tf-*E k . - L .- L p\ — mf + ie J -. J - kj — m 2 + %e 



where 



/ d A xe ipx < ft|T{0(x)0(O)}|fi >= , lZ 2 (4.2) 

J p z — m z — ie 



So amputate the momentum space correlator near on shell and multiply by v-Z's and get 
the S matrix! 

That implies a prescription for the AdS case as well. Indeed, as Giddings [H] notices, 
AdS-CFT takes the form 

<T{0{y 1 )...0{y 2 )) >= J U^K^, Xi))G T ( Xl , ...x n ) (4.3) 
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where Kp is the full multiloop bulk to boundary propagator and Gt is the full amputated 
bulk n-point function. So if one could define the amputation process and the multiplication 
by y/Z on the boundary correlators, one would have an S matrix. But of course AdS doesn't 
admit an S matrix, so one has also to take a flat space (or pp wave!) limit. 

Moreover, one needs Lorentzian signature to define S matrices, so one needs to go to 
global AdS where that can be done (in the Poincare patch it is hard, since there we can't 
change the non-normalizable propagator to a normalizable one as we will do below for global 
coordinates) . 

Then one has to define quantities which become in the flat space limit the 5-momentum 
in Minkowski space. The natural candidate for the energy E is the conjugate to the global 
time r. So perform a Fourier transform and identify the variable u with ER. From the point 
of the CFT, there remains a unit vector e, which is however in position space. However, jH] 
argues it should become the momentum unit vector in AdS. So 

k (6) = E(l,e) (4.4) 

and so on-shell massless AdS momenta correspond to off-shell CFT momenta. But the 
discrete AdS states (normalizable modes) still correspond to the discrete states (A, n, I) on 
the cylinder {uo = 2h + + 2n + l). Actually, we can also think of the cylinder states as on-shell, 
with a discrete set of masses. That is, (A, n — 0, 1) are states corresponding on the cylinder 
to operators on the plane of dimension A, while n is an off-shell index which can be identified 
with ordering a tower {A n } n of operators. Indeed, we will shortly see that n correponds in 
the pp wave limit to the radial oscillator number for the transverse (AdS) oscillators, thus 
on SYM it is identified with the number of $j insertions (non-U(l)-R charged scalars). Thus 
also in the flat space limit n indexes a tower of operators. 

Giddings only made this identification for massless states in AdS, but since we want to 
take the pp wave limit, we will need to extend it to massive states as well. In that case 
therefore, at large R, 2n/R = E — m and A/R = m. We will see shortly that this gives the 
correct behaviour. 

As jS] showed, in the large R limit, the bulk to bulk propagator of AdS space in global 
coordinates goes over to the flat space propagator. For the bulk to boundary propagator, 
the discussion is a bit more involved, but before it we need to study the flat space and pp 
wave limits of wavefunctions. See also [3U] for the pp wave limit of supergravity couplings. 



Flat space and pp wave limits of wavefunctions 

We will look at the harmonic oscillator (the limit in which harmonic oscillator states go 
over to flat space free waves), since this will be needed to get flat space from the pp wave, 
then at AdS wavefunctions, both in the flat space and the pp wave limits. 

Using the formulas derived in Appendix C, we obtain: 

• The harmonic oscillator wavefunctions 
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where p = \Jmiox become in the large n limit (or flat space limit, muo — » 0) 

lim 4>2n(x) = — t=[ Y^cos^^munx) (4.6) 

n-*oo ^/T\ n 

which are normalized 

<p2n(x)(j>*2p(x) = S np (4.7) 

with the momentum 

fc n = V2mwn = — — (4.8) 

This calculation is the same one that one needs to prove that the pp wave wavefunctions 
become free waves in flat space, with mu replaced by p + . 

In the case of AdS wavefunctions, the radial wavefunction is 

Xni(r) = A nl (cos(r/R)) A (sm(r/R)) l Pl l +d / 2 ^( C os(2r/R)) (4.9) 

In the general case of the large n, large A limit (but small 1), A/R ~ m, 2n/R ~ 
E — m = E' so 2r/R = E'r/n and v ~ n(2m)/E'. We want to obtain the flat space 
wavefunctions for massive modes, with E = E' + m and \k\ = E'y/1 + (3 Then 

Xnl (r) = A nl {^==) d l^\l + Pr l/2 J l+d/2 ^(E'r^TTp) (4.10) 

where (3 = 2m/ E', gives in the large n and large R limit the flat space wavefunctions 
in spherical coordinates 

<pnirn{t,r,e) -> V2E{ — ==) Y M (e) (4.11) 

V IE * 

That means that its Fourier transform will be 

YmWMt, r> e) oc e -*V*WH?*' = e -iEt+m (412) 

and where |fc| = \J E 2 — m 2 = E' \J\ + /?, thus our identification of E and m was correct. 

To get pp wave wavefunctions from AdS wavefunctions we fix n and 1 and take A/R 2 ~ 
p + = fixed. Then we have 



A^n^ N T{ Jf +m , (cos-^^W^)' (4,3) 



and using the limit (jC.9|) we have 

lim P^ 2 - 1 ' p+R \cos(2r/R)) = L l + d ! 2 ~ l {p + r 2 ) (4.14) 



and we get the wavefunctions for pp wave oscillators in spherical coordinates (with 
p + = fiu) as obtained in (jC.16|) . 
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Flat space vs. pp wave limits for S matrices 

We saw that in the global AdS parametrization, AdS-CFT relates the AdS energy E with 
uj n i/R, the spatial momentum direction in AdS^, k/\k\ with e, and the AdS mass m with 
A/R. Of course that means that we have to define R and the large R limit from SYM, but 
from the above information we deduced 2n/R = E — m, so large n is the same as large R. 

Notice that the above identifications are only true in the large n, large R limit. Otherwise, 

(A-±) 2 = ^ + m 2 R 2 (4.15) 
and extremality of correlators, Ai = \ means 



m\R 2 = {n - 2){n - 1)£ + £ m 2 R 2 + 2 £ + mWy + m)R? 



+ (n-2)dJ2\/^ + m^ (4.16) 

i 

and we see that we recover mi = in the large R limit. 

But we notice that when we say mass, we mean 5d supergravity mass, which is related 
to the lOd mass M by 

m 2 MS = M 2 + k% (4.17) 

To obtain the pp wave limit, we need to boost in an S$ direction, but in a precise way. 
If we rescale 

x- = & £ + = % =► 2p" = ^-l; 2p'+ = *±l; (2E = t 2p«> = £) (4.18) 
it it it it it it 

and keep p'~,p' + finite (or E,p^ finite) in the large R limit, we get flat space. We need 
instead to rescale 

*~ = jjv ] i+= ^ 2p ~ = ^ a " j); 2p+ = (4 - i9) 



We still have 



E AdS = t pt = i (4.20) 



but they are not finite. 

Notice that in both cases we get a finite 



A 2 - J 2 



E 2 -p\ = (2p-)(2p + ) = (2p'~)(2p' + ) = — jp— = M 2 +f transv = M 2 + A; 2 4) ^ s + k 2 ^ s 

(4.21) 

We have written A instead of A since there is a change of interpretation. Here 

A = Lo n i = A + 2n + I (4.22) 
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takes into account both the "off-shell index" n (radial AdS oscillator number for the pp 
wave case) and the angular momentum 1, i.e. AdS directions oscillator numbers in spherical 
coordinates (as we saw). On the SYM R 4 plane, going from an operator O to O with 
insertions of D^.-.D^ — traces is equivalent on the cylinder S 3 x R t to taking the 1-th KK 
mode on S 3 , i.e. one with spherical harmonic Y^. We could have derivatives contracted with 
each other, and In corresponds to the number of contracted derivative insertions N 0i = 
In + I in the pp wave case). Thus A corresponds to taking also possible derivatives into 
account when counting the dimension of operators. 

The momentum on S5 is characterized in AdS by the spherical harmonic Y^(e), and it 
corresponds in SYM on the cylinder (for global AdS) also to the (l,m) representation of 
operators. For Poincare AdS, the S§ momentum is determined in SYM by the number of 

insertions (the same way as Yi m (e) corresponds to D^Z insertions), if they are in a large 
number (comparable to J). 

In the flat space limit, spherical harmonics become free waves. For example, the "spher- 
ical harmonic" on a circle becomes 

Yj = e iJ * = -> e iky ; k = ^ (4.23) 

R 

For the 2-sphere we have Yi m (6,4>) and large m is as before, whereas large I is similar, 

as Pi(cos6) becomes cos kx. So in general, we can say that Yj^e) — > e tk ' x , thus the S 5 
momentum is determined by Yj^, i.e. operators that are in a representation that corresponds 
to Yjtft will have momentum k. 

• In conclusion, if we want to take the flat space limit directly, we take fixed E^ds — 
A/R. For A ~ 1, n large, we get rtiAds = S matrices jH]. For nriAds = A/R fixed, 
we get nontrivial mass and/or momenta. The sphere momentum fc| g is defined by 
large J ~ R ~ (g^jiV) 1 / 4 giving fixed p^, and maybe large number of $ insertions 
(giving extra momenta on S 5 , in the directions perpendicular to ?/>), N$ t ~ (g 2 N) l / A . 
The lOd mass M is obtained by the phases e*^ - in the BMN operators jH], i.e. by 
having operators that have BMN phases and insertions on top of any representation 
corresponding to Yj^. 

• If we want instead to get the pp wave limit, we have to keep fixed A/R 2 . But 

^AdS ~ k\ t AdS = m AdS — V% + k\ s + M 2 =^> 

b» = % + 2 A (2n + o + Q!l±!l = <JS + 2 ^ (2n + o + P!L±^ 4 , 4) 

So n, I ~ 1 in order to have finite k\ M s = 2A/R 2 (2n + I). Thus A~i? 2 ,n~l,/~1. 
The sphere momentum kg is defined by J ~ R 2 ~ {9ymN) 1 ^ 2 and by small number of 
$ insertions (of order 1), that give the extra (discrete) momenta N 0i . Again, the lOd 
mass M is obtained by the phases e % ^J~ in the BMN operators. 
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The difference between the pp wave limit and the flat space limit can be understood by 
looking at energy of string states in the pp wave, 



- 2p ^ E ^££V 1 + %^£ p 4 + f „ 25) 

i i rii i 

If N 0i ~ 1, we get finite discrete p;'s ("momenta"), and if J ~ gyM^ we § e t finite mass 
M {ni} . 

If on the other hand, J ~ (gy^iV) 1 ' 4 , we get p + ~ 1/R ~ (g YM N)- 1/A , or rather, we 
have to redefine momenta to get finite results: 

- 2l /-= 2P ~ =T N " + W {9 ™ N)l/ \ - (4 26) 

and again we get discrete mass and discrete momenta, if N 0i ~ (gy^jN) 1 ^. 

We have seen that the "off-shell index" n correponds after the pp wave or flat space limit 
to the radial oscillator number in the AdS directions (n and 1 are the spherical coordinate 
representation of the isotropic d-dimensional oscillator). 

Since now we want a spacetime interpretation, for the S matrix, we need n since an AdS$ 
on-shell state corresponds to an S 3 x R t "off-shell" state (there is one extra degree of freedom, 
corresponding to the radial dimension). But we see that really the "off-shell" states are just 
reorderings of the on-shell states into a tower. 

5" matrix definition 

In order to extract the S matrix we have to amputate external legs. Usually, the momen- 
tum space correlators have poles when the momenta are on-shell. But now as we saw, the 
bulk to boundary AdS propagator has poles when the external frequencies are normalizable 
(when CFT states are "on-shell"). 

So jHj devises a trick (that doesn't seem to work in Poincare coordinates) that converts the 
bulk to boundary propagators Kbb, which are (both in Poincare and in global coordinates) 
non-normalizable wavefunctions as we saw, into normalizable wavefunctions, thus defining 
the S matrix. One makes a time Fourier transform on the external legs of the AdS correlators, 
thus performing the same on the boundary leg of the bulk to boundary propagators, to 
K Bd (u;,e] x'). 

Then one isolates one of the poles at external normalizable frequencies by first going to 
/,m space by integrating with Yi^e) and then defining 

K(n,l,m,x)= lim K Bd (uj,l,m,x) = -2vR A ~ x e iWnlT k nl <P nlifl (4.27) 

UJ-*UJ„l 

which is thus just a normalizable wavefunction, and finally going back to position space on 
the boundary leg by 

K(E, e;x) = Y, Y m (e)K(n, I, m, x) (4.28) 

I in 
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He showed then that this becomes the free (normalizable) wavefunction 



K(E,e;x)^^§^ (4.29) 
Thus in SYM the procedure corresponds to acting on the r-point correlator with 

IIE ;Q( lim (p?-u&,.) [ de^ie,)) (4.30) 

XX f J 3 3 J XX p.—^ f . i t I i i 



However, as we just saw, the flat space limit works for the massive case as well, and we 
saw that the Fourier transform of the wavefunction is a free wave e lkx even then. 

To get the pp wave S matrix we apply the same procedure, but keeping A/R 2 ,n,l fixed. 
The wavefunctions work again, and we obtain the pp wave wavefunction, thus applying the 
procedure to SYM correlators for the previous limit generates pp wave S matrices. We also 
have to get an appropriate limit for the representation of the operators in the correlator 
(basically, take BMN operators). 



5 (Extremal) Correlators and AdS S matrices 

We will now analyze the correlators and see whether we can test this assumption. The 
pp wave (massive) case is quite involved, so we will study the massless case (flat space) of 
Giddings first, looking to apply the procedure to nonrenormalized correlators, so that we 
can test it. As we mentioned, these cases are the 2 and 3-point functions and the extremal 
correlators. The general extremal correlators are also the only ones that remain in the pp 
wave limit (meaning that they are related to S matrix observables) . We will analyze them 
afterwards. 

2- and 3-point functions 

The momentum space free scalar two point function is 

d 4 xd 4 ye iky+ipx - — = / d 4 ye iy{k+p) / d 4 x'^- = 5\k + p)^ (5.1) 
\x y\ J J x p 

One could also put y to zero by translational invariance, then obtaining the two point function 
minus the momentum conservation 



For the 3-point function, 



ipx 1 

d A x^ = - 2 (5.2) 
x z p z 



/(zi, x 2 , x 3 ) = a ai fe 23 - (5.3) 

a; 12 a '13 a '23 
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we have 



f(Pi,P2,Ps)= J d A x 1 d A x 2 d A x 3 e t ^ +p ^ +p ^f(x 1 ,x 2 ,x 3 ) 
= J d 4 x ie i:Cl(pi+P2+P3) J d A x 21 d A x 31 e i( - P2X21+P3Xsl) f(x 21 , x 31 ) 

= S A (p 1 +p 2 +p 3 )a U3 / d A xd y— 

J x% 



l y b \x — y\ 



= 5 4 (pi +p 2 +p 3 )ai 23 f(\p 2 \, b 3 |,e 2 e 3 ) (5.4) 

and again we get the overall delta function. It is however not a good idea to fix translational 
invariance in our case by putting one of the points to zero, since we need to use the Giddings 
procedure to extract S matrices. 

Moreover now, for the global coodinate calculation in AdS, we need only to Fourier 
transform the SYM correlators in radial time. At the begining of the previous section, we 
also put one of the points near the origin (negative infinite radial time). If we don't put it 
to zero, the x-space SYM 2-point function corresponding to AdS global coordinates (i.e., on 
the cylinder) is now 

e ik(ti+t2) ^ ^ 

\x[ -x 2 \ 2k ~ 2*(cos(ti -t 2 ) ~eie 2 ) k ^ 
But |H] showed that that expression is also equal to 

K B (x,x') = c [ e Mt-tn k niYik(e)Ym(e') 



nlm 



where io n \ = 2k + 2n + /, and is actually valid even if 2k is not integer and is = A. That 
means that the momentum space SYM 2-point function is 

< 0\ Vl ^YO\p 2 M) >= cS^6( Pl + P2 ) V k ]^M^A (5.7) 

^-^ ur, — pi — ze 

Incidentally, that also identifies n as an off-shell index. Indeed, from the above one sees 
that the states of the CFT on the cylinder are labelled by A and 1, but also by this off-shell 
index n. At the free level, when A = 2k, we can identify n with k, considered as indexing a 
tower of operators. At the interacting level, even n becomes non-integer, so it could still be 
indentified with the index of a tower of A n . 

Let us now look at the nonextremal (general) SYM 3-point function on the cylinder. The 
exact result is written in Appendix D. 

Let us understand how does the summation and integration over one set of variables 
dissappear when a = 0, i.e. for extremality. We see from (J5.5)) and (J5.6|) that a = implies 
one should have 

l ~ J 2n^ € u 2 -(2n + iy-i6 ^ 

nlfn 
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From the expression for k n \ (|D.3|) we see that when a = and d = 4 we have a T(— l) 2 in 
the denominator, meaning that the coefficient is zero unless it's compensated. The integral 
over uj gives l/2u n i = l/2(2n + /). If we put n=0 we get then a compensating infinity and 
obtain 

- £ r(-l) 2 Q!r(f+2) y4(g) ^ (g/) = F oo(e)loo(e') = 1 (5.9) 

where in the last line we had to select / = as well. 

This trivial calculation is of importance since that is what happens when we have extremal 
correlators: one of the a s becomes zero, and then the variables get reduced. Indeed, from the 
above simple calculation, we see that when ct\ = 0, we select n\ — l\ — and then the only 
nonzero term in the square brackets in ()D.2j) is the middle one, one puts uj Hi i 1 — = ri\ — l\ 
and recovers the extremal 3-point function result. Since we might need to make an analytic 
continuation to reach the extremal case, it is important to see the correct limit, (in Poincare 
coordinates, there was a continuation involved in getting the 3-point function, naively the 
result was zero in AdS, but there was an infinite integral coming from volume). 

To deduce the S matrix a la Giddings we have now to act on the 3-point function with 




(5.10) 



We know that in that case on the AdS side we just get a momentum delta function for 
the 3-point S matrix, and in general we expect a momentum conservation anyway. In the 
3-point case the delta function comes from the integrals of free waves e lhx , and we generalize 
this representation of the delta function to higher n-point function cases, even though then 
the AdS calculation will be more involved. But we expect the S matrix to have an overall 
momentum conservation anyway. We will suppress the overall energy conservation which is 
obtained anyway, 5{pi + p 2 + ^3) or in general 5{p\ + p 2 + ... + p n ). 

In Appendix B we have shown how to write the delta function in a form appropriate for 
comparison with the SYM calculation. 

Extremal correlators 

The statement (conjecture?) about extremal correlators is that they do not receive 
corrections (as for the general 3-point function). The case generally treated is k\ = k 2 + ... + 
k n , since it's easier to analyze. Then 

< 0*{x x )0{x 2 )...0{x n ) >= l 12 - n (5.11) 

I £12 1 2 ...|xi„,| n 

In the general extremal case {k\ + ...+k n = k n+ i+...+k n+m ), the powers are more complicated. 
Note that if we put (by translational invariance) X\ — and go to S 3 x R and rotate to 
Lorentzian signature we get 

< 0*{t 1 ,e 1 )0(t 2 ,e 2 )...0{t n ,e n ) >= a, J^ 1 -ik^-...-ik n t n (512) 
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For the general extremal correlator k± + .. + k n = k\ + ... + k m in the special case \xu\ <C 
= l,n;j = l,m the powers (approximately) combine to give a similar answer: 

< 0*(t 1 ,e 1 ...0*(t n ,e n )0(i 1 ,e 1 )....0(i m ,t m ) >= a 1 ... n . 1 .„ m e ifcltl+ - +i ^- i * A --^ im (5.13) 

However, note that this answer is independent of e^, so cannot be correct. The point is that 
if we Fourier transform over the whole plane, we have the option of putting one coordinate 
to zero as we saw above for the 3-point function (all we miss is the overall delta function), 
or otherwise it gets shifted away anyway when integrating. But if we just Fourier transform 
over the energy, we can't. 

Let us look at the extremal 3-point function [k\ = k 2 + k 3 ) without fixing any point. The 
3-point function on the Lorentzian cylinder, Fourier transformed in energy is 



/i23(pi,ei;p2,e 2 ;p3,e 3 ) = ai 23 5(pi + P2 +P3) J dtl 



it' 2 (p2~k 2 ) 



g"2 



2 (1 + e- 2it 2 - 2e- it 2e 1 e 2 ) k2 

e it' 3 (p 3 -k 3 ) 

dt' 3 jz - _ 2it , _ it , ; ; . (5.14) 

(1 + e 3 — 2e %t ie\e^) Ki 

here as before t' 2 = t 2 ±, t 3 = t 31 and we have the product of two free 2-point functions: 

k n 2 i 2 Y U 2 (^) Y h^(e 2 ) 



/i23(Pi,e 1 ;p2,e 2 ;P3 > e 3 ) = a 123 5(pi + p 2 + P3) 



/ j 1 2 

n 2 l 2 m 2 n 2<2 



And for the general extremal n-point function we similarly get 



/i2..r(Pi,ei;p 2 ,e 2 ; ...;p r ,e r ) = a 12 ... r 5(p x +p 2 + ... +p r ) V] 

n f^ 2 "nab-to-* 
kn r l r Y Crn r (^) Y lrm r (£r) fulfil 

^ u 2 nrl -p 2 r -ie 



Now we will apply the Giddings procedure |S] on the general 3-point function, and then 
particularize for the extremal correlators. Doing the spherical harmonic integrals we get 



U^m^ + X )( 2/ 2 + l)(2fe + l)VWi + l)(2/ 2 + l)(2^ + l)(M 3 / 2 ; m im3 m' 2 ) 
(IM; 000)(hl 2 l' 3 ; numm^QM; 000) (l 2 l 3 l[; m 2 m 3 m , 1 )W 1 ] 000) (5.17) 



Then multiplying with pj — cu^-i- and taking the limit we pick out only certain terms in the 
sum over n,l: l 2 + Z 3 = l[, l 3 — l\ = l 2 , h + l 2 = 1' 3 (actually, only 2n+l is defined). Then, when 
taking the sum with 

2^ Yl 'i m 'i (^) Y i' 2 m' 2 {e2) Y i 3 m' 3 (e 3 ) (5.18) 
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we have fixed / s in terms of V s, so we can't use the Gaunt formula in reverse! Notice 
though that one still remains with an unsaturated zero, coming from p 2 — uj^ t (the rest 
cancel against the poles in the 3-point function). 

In the extremal case we get the spherical harmonic integrals (Zi = mi = 0) 



J rf ei^* m2 (ei)Y;* m3 (ei)y;r m ,(ei) J d^Y^^Y^ea) J de 2 Y hmz {e 2 )Y^ m ,{e 2 ) 
= -4^V(^2 + 1)(2Z 3 + 1X2/; + m 2 m 3 m' 1 )*{hhl , 1 ; 000)*^,/ 

V47T 

Sm2m' 3 8l 3 l' 2 $m 3 m' 2 (5.19) 

which easily generalizes to (renaming l 2 as 1% and viceversa, in order to generalize) 

I {h mi }l' im ' 1 ^hl' 2 ^ni2rn' 2 ---Sl n l' n 5rn n m' n (5.20) 

So that the final result for the extremal S matrix from SYM is 

/i2..r-(Pi,ei;p 2 ,e 2 ; ...;p r ,e r ) = a 12 ... r 5(pi +p 2 + ■■■ + p r ) 

Yl k l' 2 l' 2 - k Kl' T (Pl - w niii) / {J^K}Iimi>Jirni(ei)^rrii(e2)».^m;(e r ) (5-21) 

{I'M} 

which begins to look like (jB.29|) (we have both the spherical harmonics and the Ii. m . term). 

But we still have two operations to perform: to multiply with the coefficient giving the 
AdS 3-point function and to multiply with C~ 1 (E i , R). 

The action 

S= l -J ^ 7 [(«90 7 ) 2 + m 2 0?] + A J X 2 03 (5.22) 

gives the two point function (see [2H] and [3T] ) 

*nn->= T(A + 1) 2A-d 1 _ rjf 

V/ 2 r(A-d/2) A \x-y\ 2A ~ \x-y\ 2A { ' 

and the 3-point function 

si m si ^ r( tt i)r(tt2)r(«3) 

< 1 2 3 >= ~\x - y\ 2a *\y - z\ 2a i\z - x\ 2a * 2vr d r(A 1 - d/2)T{A 2 - rf/2)r(A 3 - d/2) 
A 1 + A 2 + A 3 -rf ^ 

v 2 7 | a; - y\ 2a:i \y - z\ 2ai \z - x\ 2a ? 

It is not clear by what coefficient should we multiply in the general extremal case, since then 
it is not even clear what calculation one should do in AdS. 

For the extremal 3-point function though, if ai 23 is the coefficient of the normalized 
3-point function, then 

\b 

am = . , , , (5.25) 
VW1W2W3 
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but for the S matrix we want to look only at the AdS 3-point function for A = 1, i.e at the 
b coefficient, whereas in SYM we get the 0123 coefficient, so we should multiply the SYM 
result by 6/0123- Putting also the C~ l (Ei,R) factors we get for the 3-point S matrix 

* r ~ ~ * \ xr _l _l <\ r(ai)r(a 2 )r(a 3 ) 
/i23(Pi J ei;p2,e 2 ;P3 J e 3 ) = d(pi + p 2 + P3); 



27r d r(A 1 - d/2)r(A 2 - d/2)r(A 3 - d/2) 

^{J<,m;}Ii minimi (ei)^m£ (^^mj (£3) (5.26) 

In general be will have a factor analog to b, which presumably will also have a divergent 
r(a), so 

/i2..rOi,ei;p 2 ,e 2 ; ■ ■■;p r ,e r ) = M(pi +p 2 + ... + p r ) 
At large R, 



92-1/ o2-A+d/2 

Kl ~r(v + iyR^ { — } ~r(A-d/2 + i)^i n " (5 - 28) 

where the second expression as in terms of SYM parameters. 
Then, using also A 2 + A 3 = Ai we get 

o-3d/2-2 

,2^2^-1/^-1^-1 _ r' t 2^A a +l-d/'"3^A3+l-d! Z 



k 2 k 3 C l C 2 C 3 ~ ( 



1 r(Ai-d/2) 



(5.29) 



(A 2 - d/2) 2 (A 3 - d/2) 2 T(A 2 - d/2)r(A 3 - d/2) 

Now we also see how the zero in pi — io\ is cancelled, since 

p\ - oj\ = p\- (lu 2 + cu 3 ) 2 ~ 2 Pl R(A 2 + A 3 - Ai) = 4piitoi (5.30) 

and that gets cancelled because r(ai)ai = 1. 
Putting everything together we get 

fl * « " \ x( j_ 1 ^ (P2M) A2+1 " d (p3M) Aa+1 - d 
Ji23bi,ei;p 2 ,e 2 ;p 3 ,e 3 ) = d(p 1 + p 2 + p 3 ) ^=3 

Pi 

r(A 2) r(A 3 ) ^ ^ 



7r rf i? 4rf - 5 T(A 2 - d/2 + l) 2 r(A 3 - d/2 + l) 2 v 2' 

h^KKrn'^rn'^Y^ (e 2 ) Y,/ m > (e 3 ) (5.31) 

OX} 
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Except for the numerical factors which are different, the angular and momentum depen- 
dence is the same as in f)B.29|) . except for an extra factor of p\ in the denominator, and if we 
fix the constants c = 3n/2 — 2 + ^ hi and put = d — 5/2 — Aj. So we still need to find a 
procedure to somehow get rid of the unwanted factors (in d=4) of (p2/pi) A2 ~ 3 ^ 2 (p3/pi) A3 ~ 3 ^ 2 , 
and of the gamma functions containg numerical A factors. Conceivably, there should be a 
procedure that renormalizes the external legs such that we get the correct S matrix, as the 
angular momentum dependence was correct. Or maybe the problem is the fact that loop 
corrections modify the poles of the external propagators (as suggested by Giddings that 
could happen), and so maybe the residues are also modified, this giving the discrepancy that 
we found. 

One should really analyze the massive and pp waves cases and obtain the massless flat 
space case as a limit. 

6 Conclusions 

In this paper we have analyzed the possibility to obtain S matrices on flat space and pp 
waves from SYM. The question of pp waves is of interest in several respects. First, it is a 
nontrivial gravitational background, and second, we have seen that the pp wave limit already 
focuses in on a geodesic in the middle of AdS, so the hardest problem in the case of the flat 
space limit (getting rid of the boundary contributions) seems already solved. Of course, we 
need to make sure that we are indeed in the pp wave limit. 

For that, we have looked again at the argument that only extremal correlators survive 
the pp wave limit (in the same way that only large R charge operators survive it), at least 
as far as S matrices go. A puzzling statement in [2E] that one can derive pp wave string 
amplitudes from nonextremal correlators was analyzed, and we showed that the amplitude 
is actually vanishing in the Penrose limit, and to get a nonzero result we are forced to the 
usual (extremal) string field theory calculations [M ITBl IT7| IT% 1 I2U].... 

We have defined S matrices on pp waves, generalizing a procedure due to Giddings [H|, 
first to flat space with nonzero 5 dimensional (i.e. AdS) mass and then to pp waves. The 
procedure turns boundary-to-bulk propagators into normalizable wavef unctions, so we have 
checked that the AdS wavefunctions have the correct flat space and pp wave limits (and also 
that pp wave wavefunctions turn into flat space wavefunctions). There was previously no 
direct test of the procedure that we are aware of. 

We have then tested the procedure on the correlators that we know are not renormalized: 
general scalar 2- and 3-point functions and extremal correlators. We have written down the 
general 3-point function, but we found that it is not obvious how to proceed in the general 
case (it is quite complicated, and the order of limits is highly nontrivial). We have then 
concentrated on the extremal 3-point function, the simplest case we can analyze, and also of 
relevance, since (with appropriate limits on the representation of operators) this correlator 
will survive the Penrose limit. 

Taking the flat space limit on it though, we have found a discrepancy. The AdS side 
result is just a delta function, that we have expressed in spherical harmonics in order to 
compare with the SYM result. We have found that the angular dependence works, but we 
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get extra gamma functions containing numerical A factors, as well as extra energy factors, 
(in d=4) of (p2/Pi) A2_3/,2 (P3/Pi) A3 ~ 3 ^ 2 - We have seen that a similar thing will happen for 
the general extremal correlator (if we apply the flat space limit on it, not the pp wave limit!). 

So what could be the reason for the discrepancy? Of course, one answer would be to say 
that the procedure is not good. Basically, we are turning bulk to boundary propagators into 
normalizable wavefunctions. But in AdS correlators the bulk to boundary propagators are 
integrated over the bulk points, and the flat space limit supposes that we sit at finite 5-th 
coordinate r, while taking R — > oo. But since we integrate over all r's, we have to make sure 
that only the contribution of finite r survives. While the contribution near the boundary is 
negligible for normalizable wavefunctions, there is still a contribution at r ~ R that is still 
far away from the boundary, and it is not obvious that is also small. One could maybe try 
to see how this affects the correlator. Another potential problem was already pointed out in 
jHj, namely that loop corrections will modify the poles u n i that we have factorized near (in 
LSZ fashion) by (|5.1U|) . But we have chosen especially the extremal 3-point function for the 
certainty that the free result is exact, so at most it could be a question of defining properly 
the limit (maybe there is some subtlety that was missed before). 

A final possibility would be that the flat space limit does not make sense on its own, 
but that the pp wave limit does (and that one needs to go first in the pp wave limit, and 
then maybe to flat space). We have not analyzed the pp wave limit on the extremal 3-point 
function (A ~ R 2 ,n ~ 1,1 ~ 1), and that could still give the right result. For the pp wave 
case, we know that at least the first quantized string picture (and the string field theory 
calculations) work, so maybe S matrices are also OK. For those calculations, we have also 
seen that we can understand the flat space limit better as a further limit of the pp wave (see 
e.g., 0EI])> so maybe the same applies here. In any case, it is clear that further work is 
needed to define S matrices correctly. 
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Appendix A. AdS holography review 



In this Appendix we will review AdS-CFT correlators and holography in various coor- 
dinates. All the original correlator calculations were done in Euclidean space in Poincare 
coordinates for AdS. Things are somewhat simpler there, so we will start weith it. 



Euclidean Poincare AdS 
In Poincare coordinates, 



ds 2 = ^((dx) 2 + (dx ) 2 ) (A.l) 
the bulk to bulk propagator is (from 

/d d k 
—e* k <^I u (kx<)K u (kx>) (A.2) 

and since I v {x) ~ x v , K v (x) ~ x~ v when i^Owe have that 

G(x, y) ~ {xo) d/2+u = (x ) 2h + = (x ) A (A.3) 
and consequently the bulk to boundary propagator is defined as 

K B9 (x,x ;y) = lim (y )~ A G(x,y) (A.4) 

and is then given by (with normalization and notation from [25] ) 

K Bd (x,x ;y) =< O|0 7 (x, x )O 7 (y|0 >= [A(Aj)] 1/2 [ ? ] A ^ (A.5) 

which near the boundary behaves as (xo) d ~ S(x — y) where 

(x ) d - A = (x ) d ^ = (x ) 2h ~ (A.6) 
as could have been inferred already from the form of G(x,y). Here 

2h ± = ^^f^ (A . 7) 

are the solutions of m 2 R 2 = 2h(2h — d) and represent the possible behaviours at infinity of 
the solutions of the plane wave equation (□ — m 2 )<j) = 0. 

Let us now use an abuse of notation and split x into (t, x) . On the boundary, the euclidean 
(□ — m 2 )0 = would imply + k 2 + m 2 = 0, which has no solution for real ko- Since we 
have one extra (nontrivial) dimension, we can have solutions with real ko and k. 

The regular solution is 

4> oc e lkot+rkS (xo) d/2 K u (\k\x )Mk , k) (A.8) 
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and as we saw above behaves as the boundary as x (1 + ...)+ x + (1 + ...), hence the 
non-normalizable behaviour x ~ dominates. There is also a solution with K u replaced by 
which behaves clS Xq "^5 SO normalizable, but is badly behaved in the bulk (blows up 
exponentially at xq — > oo). 

Holography for Euclidean Poincare AdS 

So there are two solutions of the AdS wave equation, a non-normalizable one with K v 
and a normalizable one (at the boundary) with I u , but which blows up in the bulk, thus is 
not good, and we can say there is a unique relevant solution. 

We will see shortly that in Lorentzian AdS there are both normalizable and nonnor- 
malizable modes, and they are dual to operator VEVs and sources, in a precise sense to 
be defined. But now, there are only non-normalizable modes, and as we saw, the bulk to 
boundary propagator behaved near the boundary like such a mode (or more precisely like 
a linear combination of these regular modes), so these modes generate sources (f>o(y) on the 
boundary via 



/f x 2h+ 
d d yK(x,x ;y)My) = c J A ^2 + J=fZ yyyh + Mv) ~ (x o ) d ~ A 0oO?) ( A -9) 

Thus boundary correlators in AdS (from 0o(j7) derivatives of the AdS partition function) 
are related to correlators on the boundary (from (f>o(y) derivatives of the SYM partition 
function). 

However, because of the AdS-CFT dictionary relating euclidean generating functionals 
we get also a one-point function (operator VEV) induced by the same source <po (so this is 
not an independent quantity). 



< O(x) >, = -c(2h + ) I d d y "J 2( V } (A.IO) 



Lorentzian Poincare AdS 

As we mentioned, in Lorentzian signature the situation is a bit more involved due to the 
presence of normalizable modes. It was analyzed first in [33], where the general idea was put 
forward, and then in [23] where the details were worked out. 

In Lorentzian signature then for k 2 = —uj 2 + k 2 > the solution is the same as for the 
Euclidean case. But on the boundary we want (□ — m 2 )<j) = which means —uj 2 + k 2 +m 2 = 0, 
meaning that the relevant solution is for k 2 = —uj 2 + k 2 < 0, so for the physical case we need 
to analytically continue the Euclidean solution. There are then two solutions, 

when v = \J d 2 + Am 2 R 2 /2 is not integral and J± v replaced by Y v when it's integral. Since 
J v (x) ~ x u around x=0, $~ behaves like (x ) 2h - and is non-normalizable, as the euclidean 



27 



solution. But now we also have $ + which behaves like (xo) 2h+ and is normalizable (and also 
well defined in the interior, unlike in the Euclidean case). 

The propagators are the obvious analytical continuation of the Euclidean Poincare prop- 
agators. 

Holography for Lorentzian Poincare AdS 

Now the dictionary is a bit more involved. As in Euclidean space, the non-normalizable 
modes in the bulk define sources on the boundary, but now one can add normalizable modes 
in the bulk field which don't affect the source (have subleading behaviour) but affect the 
one-point function (operator VEV) 

f x 2h+ 

(f)(x , x) = <f) n (x , x) + c d d y ^ 2 , 2 , 4>o(,y) (A.12) 

J (x^ + (x- yY) 2h + 

where (p n (xo,x) — > (xo) 2h+ 4> n {x) and 

< 4>n\0(x)\4> n >* = (2h + )Mx)+c(2h + ) j d d y ^ {2h+) (A.13) 
At the operatorial level, the bulk field (normalizable mode) 

k 

is thus mapped to the operator (acting as a field) 

o = J2h^, k + bt4>:j (a. is) 

k 

where we can identify the operators a& = bk, and the operator acts on a coherent state 
\} n >= e cLb *\0 >. 

The short form of this statement (from [33]) is that non-normalizable modes are mapped 
to sources and normalizable modes to VEVs (or states), so that 

0~a,(x o ) d - A + 6 l (x o ) A (A.16) 

implies 

H = H CFT + a i O i (A. 17) 

and 

< 0\O 1 >= bior rather < bi\Oi\bi >= b { + (a,j piece) (A.18) 

The very important consequence is that if we put the non-normalizable mode to zero (no 
sources) and look at a bulk configuration (probe) which corresponds to a combination of 
normalizable modes (maybe with non-normalizable components as well), it will get mapped 
to a VEV of the dual operator. 
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In particular, examples of probes studied in [33] are D-instantons, fundamental and D- 
strings, and dilaton wavepackets. For instance, the D-instanton goes near the boundary 

as 

4 ~4 
X X 



1214 



e v ~ g s + Ct^- 

[xg + |x - y| 

X = Xoo ± (e- - l/g 3 ) (A.19) 



and implies a VEV for the operator coupling to 



< TrF 2 (x) >= -*1 2 , | ^ (A.20) 



4 9ni [ £ o+ l^-y| 2 ] 4 

which is just the formula for the YM instanton! Moreover, this is an example of scale- 
radius duality, since the radial position of the D-instanton, x is mapped to the scale of the 
instanton. 

If we put the normalizable mode to zero instead, we get the same 4>(x, Xq) and < O > |^ 
as in Euclidean Poincare AdS, and boundary AdS correlators are related in the same way to 
SYM correlators. 



Global Lorentzian AdS 
In global coordinates, 

ds 2 = R 2 (-cosh 2 pdt 2 + dp 2 + sinh 2 pdtt 2 ^) (A.21) 

or, with tanp = sinhp, 

ds 2 = -^—(-dt 2 + dp 2 + sin 2 pdfiLi) (A.22) 
cos 2 p 

The boundary is now at p = tt/2. The solutions to the wave equation are written as 

$ = e-^, {m} (fi) X (p) (A.23) 

where Yj are spherical harmonics on S , V^^Yi = —1(1 + d — 2)Yj, and can be analyzed 
near the origin and the boundary. At the boundary, we find solutions $ ± that behave as 
$ ~ (cosp) 2h± . But at the origin, only one of the solutions ^2 that we find is regular, 
namely one that can be written as ^1 = C + § + + C~$~. 

So the unique regular solution is in general non-normalizable (since <3>~ is nonnormal- 
izable), but we get a quantization condition from C~ = for which we get normalizable 
solutions. The condition is 

u n i = 2h + + 2n + l (A.24) 

where n is a positive integer (or zero). Then the solutions are normalizable and their asymp- 
totic behaviour is (with the notation in [H]) 

Xni(p)V^Au -> k nl (cosp) 2h+ (A.25) 
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So whereas in Poincare coordinates the Lorentzian wave equation has continous normal- 
izable solutions (as well as non-normalizable ones), in global coordinates the general case is 
non-normalizable, and particular cases are normalizable. 

Somewhat similar to the Poincare case, in the global case the bulk to bulk propagator is 

iG{x,y) = [ ^VeM^%!%M (A.26) 

which again behaves like a normalizable mode towards the boundary, so the bulk to boundary 
propagator is 

K Bd (y, x) = 2vR d - 1 Um p ,_ 7T/2 (cosp') 2h+ iG(x, y) (A.27) 
and near the boundary behaves like a non-normalizable mode, 

K B9 (y,x) ~ (cosp) 2h -5(x-y) (A.28) 

and can be written as (note that on the boundary -and not only- we parametrize x = (t, e) 
where e takes values in Qd-i) 



The propagator can also be rewritten as 

2 

COS D 

K Bd (y, x) = K B [ P . (A.30) 

[cos 2 (t — v) — sinpee'] 2 + xe 



Holography in global Lorentzian AdS 

Lorentzian global AdS has as a boundary the cylinder S3 x R, and the CFT in i? 4 is 
mapped to the cylinder, and dimensionally reduced on S 3 to a QM Hamiltonian. 

Non-normalizable modes (general frequencies u) correspond, as before, to sources for the 
CFT operators, whereas at special frequencies, normalizable modes correspond to the states 
of the CFT on the cylinder. 

u nl = A + 2n + l (A.31) 

Cylinder (t, u) AdS 

Finally, [21] uses a third coordinate system which is important since one can take the 
pp wave limit more easily in it. We will therefore write down the sphere part of the gravity 
metric explicitly as well. They make the coordinate change from Euclidean Poincare AdS 

e T = (xjj + f 2 ) 1/2 , u = x/x = ue (A.32) 

where now the boundary of AdS is at u = 00 and is parametrized by 

e T = \x\, e = x/\x\ (A. 33) 
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followed by the Wick rotation to Lorentzian signature r — > (1 — ie)it. One gets the AdS x S 
metric (with the sphere written in Wick-rotated analogous coordinates) 

ds 2 = #2(_(1 + n 2y t 2 + MM _ ^dv?j + ^2 ((1 _ v 2 )d ^2 + «W (A 34) 

1 + u 2 1 — IT 

As we mentioned, on the boundary we change coordinates from the plane (corresponding 
to Euclidean Poincare in AdS) to the S 3 x R cylinder (corresponding to the (t, u) cylinder 
as well as global coordinates in AdS) via x« = e r ej, r = it. Then the change of coordinates 
u = sinhfi = tanp takes us to the usual global coordinates defined before. One can also 
easily check that the Poincare bulk to boundary propagator becomes in these coordinates 
(just modifying the position of the ie) as the one in j2H] (with a different normalization) 

K[t,u:t,e) = ; A. 35 

V 7 2 A {VT+^cos[(l-te)(t-t')}-ue) A V ' 

Then, in between this coordinate system and the Euclidean Poincare coordinate system the 
only difference is that we need to make a conformal transformation on the operator on the 
boundary, which changes from the plane (for Poincare) to the cylinder (for (t, u) coordinates), 
so multiply by e Ar = e tAt . 

A very important observation is that if we put i! = — oo (or y = 0) in the bulk to 
boundary propagator before making the coordinate change to the (t, u) cylinder (actually 
before the Wick rotation, really), the propagator becomes 

K(t, u; -oo, e') = (A(A)) 1/2 [e^ it (l + u 2 y 1/2 } A (A.36) 

which is different from what we will get if we just put t' = — oo in the bulk-to-boundary 
propagator. This will be very important later on (in the main text). 



Appendix B. Delta function in spherical harmonics 



In this Appendix we rewrite the delta function in a way that could match the SYM 
calculation, namely expanding in spherical harmonics. 

The spatial momentum delta function in global AdS parametrization is (the time integral 
would give the energy conservation, so we are left with a 4d space integral in global AdS) 

(2n) d 5 d (p 1 e 1 +p 2 e 2 -p 3 e 3 ) = / d^e^ 1 ^'^ 2 ^'-^^ 



J2 * h+l2+h (2tt)- m / 2 F^ 1 (h)Y l2rfl2 (e 2 ) Y^ 3 (-e 3 ) 

Zimi; 2 m 2 /3m3 

^Zjmi ifi )^2"*2 )^3m3 ifi ) 

d_i , Jh+d/2-i(pir)Ji 2+ d/2-i(p2r)Ji 3+d /2-i(p3r) 
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where we have actually expressed the exponentials in the form we got them from the AdS 
propagators, as Bessel functions and spherical harmonics (the solution in spherical coor- 
dinates). Substituting d=4 and generalizing to arbitrary number of external momenta we 
get 

^^ 1+/2+ --- + '"(2 7 r)- 2 ^ 1?Sl (e 1 )^ 2 (e 2 )...r^J-e n ) J d^Y hAl (e')Y h ^(e')..Y ln ^ n (e / ) 



lifh 
1 



r d n drJ ll+1 ( Pl r)J l2+1 (p 2 r)...J ln+1 (p n r) (B.2) 



Pl-Vn Jo 

At this point we can use the formula (from 



{ ax } 



j j 
+ sm[{p + J2^ ~ ^/2}Y v {ax)}^-—dx = - J] J M . {bjk)K v {ak)kr 2 (B.3) 



which applies if Re(k) > 0, a > ^ \Rebj\, Re(p + fij) > \Re(u)\. As we can see we apply 
this formula for k — > (real) 6j = Pi, //j = Zj + 1, z/ = Z n + 1, a = p n , p = 6 — n. The first 
condition is satisfied, the second is satisfied only as a limit, since p n = p\ + ... is just 

energy conservation. The last condition becomes 4 + *YTi=\ — Z n > 0, and finally one needs 
4 + Y17=i U — In = 2m (even number) so that we only have the Ji n +i term, and not the Y 
term. Then (using that at x ~ we have I v {x) ~ {x/2) u l/T{v + l), K v (x) ~ (x/2)" 1 T(z/)/2) 

r 3 ~ n drJ h+1 far) J h+l far). . . J in+1 (p n r) 

. T-r 

Ln - [[jPj \imk^ l ^ +2 (B.4) 



In the n=3 case, we get 



3 \ , — — p^pi^W 3 ' 1 lim k h+l ^ +2 (B.5) 

(Zi + 1)!(Z 2 + l)!2^+^-^+2^i ^2 ^3 fc ^ v ; 



This formula can be checked against another formula for 3 Bessel integral from joo], valid 
for p 3 > pi + p 2 , so still used as a limit in our case p 3 = pi + p 2 , 



dxJ h+ i {pix) J h+1 (p 2 x) J/ 3+ i fax) 



p 1 i 1+1 p 2 +1 P3 ^- 3 r(^+|+^ + 2 ) 
(/ 1 + i)!(/ 2 + i)!r(^^) _ 



F 4 (^|^ + 1, ^|±ii + 2 M + 2, / 2 + 2; pg/p§) 

M 1+1 p 2 2+ y3^- 3 r(^±|^ + 2) z 1 + z 2 _f 3 z 1 + z 2 + z 3 

" (/ 1 + l)!(/ 2 + l)!r(^) 2Fl( 2 + 2 + 2 ' /x + 2 ' X) 

2 Fi(^^ 1 + 1, 3 - + 2, / 2 + 2, y) (B.6) 
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where x(l — y) — p\/p\, y(l — x) = p\lp\-, and therefore if p 3 = p\ + P2 we have x = pi/p 3 
and y = p 2 /p 3 . One then uses that 2 -Fi(0, ...) = 1 and 2 i<\(— m, ...) = polynomial to check 
against the general n formula. 

Finally, for the spherical harmonics integrals appearing on both sides one should use some 
technology derived strictly speaking for S 2 , but which should hold in general. The Gaunt 
formula, 



Y hmi (e)Y l2m2 (e) = ^ J^1±^^±A < \ x l 2mim2 \\ m >< y 2 00|Z0 > Y lm (e) (B.7) 



1 

is derived from the identification of 



Y lm ^I^^DUe) (B.8) 

where D J mm ,(R) is the representation R of the rotation group acting on ipj m . Then one 
deduces (Y^ m (e) = (-) m ^ n (e)) 



deY hmi {e)Y hm2 {e)Y hm3 (e) 



\m 3 



(2/i + 1)(2Z 2 + 1) 



4vr(2/ 3 + 1) 

< Zi/ 2 mim 2 |/ 3 m 3 >< /i/ 2 00|/ 3 > (B.9) 
or using the Wigner 3-j symbols 

(ji,j2,j3; mi, m 2 ,-m 3 ) = [-)^~^+ m / + 1 < 3ij 2 mim 2 \jm > (B.10) 

it is 

l=V{2h + 1)(2Z 2 + l)(2/ 3 + I){ji,j2,j3;m 1 ,m 2 ,m 3 ){j 1 ,j 2 ,h; 0,0,0) (B.ll) 
An 



By repeated application of the Gaunt formula we get 

hh^} = J rfeyi iroi (e)y hwta (e)...y^ 1TnB _ 1 (e)y tnTnn (e) = ^i /2 „i VWi + i)-(2/ n + 1) 

(21' 2 + 1)...(2Z;_ 2 + 1)W 2 ; mi, m 2 , m' 2 ){l x l 2 l' 2 \ 000) 

(/ 2 / 3 Z 3 ; m' 2 m 3 m' 3 )(l' 2 l 3 l' 3 ; Qm)...{l' n _ 2 l n _ 1 l n] m' n _ 2 m n ^m n ){l' n ^l n ^l n , 000) (B.12) 
and then 

(27r) 4 5 4 (piei + p 2 e 2 + ••• - p n e„) 

= -^t^ + -"^(27r)-*Yi lrtl (e 1 )y fa « a (^)...y UfilB (-e B ) 

krhi 

' 1 } (nr=i 1 (^+i)!)2 5: ' ii -'" +n - 1 ^ i+2 

= _^i^+---^(2 W )-*y trtl (e 1 )y fa ^(e a )...y I „ fllll (-e B ) 



lifhi 



(Efc + 2)! 1 n^M 



(nr=i(^+ i )02 ri - 3 KY v Pn 
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Ijl^y. (B.i3) 



and that is the decomposition of the delta function in spherical harmonics, which should be 
matched with SYM. 

In the last line we have replaced l n = h + 2 to make the power of k =0, but notice 
that then strictly speaking the result is zero, since the quantity I{i umi } composes angular 
momenta, so we see that it satisfies the generalized 'triangle' inequalities, in particular 
In < Moreover, we see that for l n > ^ Zj + 2 we have a divergent result (even though 

the summation makes it zero). 

But in order to calculate Bessel function integrals we have to take various limits (like the 
k — - * limit), and then maybe we have to take into account the effect of high l's. Indeed, 
the delta function should be zero most of the time. Since we are working for p n = ^Pi, this 
representation of the delta function should be nonzero only if = e n for all i. 

But there seems to be only one way that this is achieved: for different e^'s, we can always 
find a sufficiently high but finite 1 above which the sum over spherical harmonics averages out 
(since the numerical coefficient will be approximately constant and the spherical harmonics 
themselves will oscillate drastically, like sin(/ 0), for instance). Since for finite l's we saw 
that the sum is zero, the whole result is zero at different e^'s. But when all e^'s are exactly 
the same, we can't find any finite 1 above which the spherical harmonics average out. 

So we will only calculate the contribution from 1 going to infinity, and moreover since 
now there is no formula for the Bessel function integrals, we will assume that the finite 1 
formula holds, except that now we neglect the 2 and have l n = Y^, k, and also keep a possible 
divergent factor, that is, (with U = aim, m — > oo) 



Pl—Pn 



poo 

/ r 3 ~ n drJ h+1 (pir) J h+1 (p 2 r) . . . J tn+1 (p n r) 
Jo 



(n£(ii+i)02"- s J*v x B 

Note that (211 have also the explicit formulas 



/ dxx v - M+1 J u (bx)\\j^ ai x) = 0, M = V/i, (B.15) 
Jo i=i i 

which applies if b = p n > YlVi — Yli a « ( an d therefore as a limit for the equality case), to 
give 

POO 

/ drr 3 - n J h+1 (p 1 r)...J ln+1 (p n r) = if l n = Y] U (B.16) 
Jo 

(if l n — ^2 li 7^ one adds it to the power of r) and similarly 



k k ,A*i 



rOO n, n, ui 

/ dxx"- M ~ l J u {bx) TT J,Mx) = 2»- M - 1 b-»T(v) TT * (B.17) 

Jo i=1 i=lH 1 + W 

implying 

r°° I ! n l,+1 

/ d rr 3-^n-E^2)j l(pir) ...j l(pnr) =^-^-^^11^—- (B.18) 

Jo Pn A r (k + iy- 
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which is exactly what we obtained from the other formula, for l n = ^\ Z, + 2. 

Moreover, we can check directly what happens at large 1, using the formula for large v 



y pVtaxiha—va J 

JJ — : — ) = {1 + -(l/8cotha-5/24coth 3 a) + ...} 

cosha' V27ri/tanha f 

Use v = xe a for a — > oo, x fixed to get 

J u {x/2) ~ 

and therefore at large l's 



;b.i9) 



(B.20) 



<>oo n 

/ dTT 3 - B n«'i«+i(PiO=i 

^0 i i=l 



(Zi + i)^+V27r(/i + 1; 



^ rr 3-n+X;(2i+l) 



:b.2i: 



which we will see has a form similar to our extrapolation of the finite 1 Bessel integral 
formula, up to the divergent factor. We use the Sterling formula to find that the product 
is YliPi +1 /{h + 1)! (including n). Putting the exponent of r to -1 (least divergent), thus 
formally l n + 1 — — + 3), gives the same formula as from the finite 1 extrapolation, 
with an indeterminate factor (J dr/r)/T(0). 

Going back to our extrapolated formula, the numerical coefficient of the Irh sum at large 
I can be evaluated using the Sterling formula 



7T 



(B.22) 



Then (substituting Zj = mcjj) 

/ I 



1 r l JL Y\( Pj ) li 



(n \l~n/2 

\^ n > (ma„+l/2) ln(m.a n +l)-Ei(™ii+3/2) ln(mai+2)-l n +J2 k+2n-3+Y; j ljln(pj/p n ) /g 23) 

Pn^ 

and the exponent becomes, in an m expansion (introducing also a nonzero hi = U — ma>i and 
c = l n — mo n for use further on, but skipped in the following equations) 

m ln m{a n — ai) + m(a n lna n — ai In a, + aj \ripj/p n + a, — a n ) 

i j i 

(3n — 4 + 2 &j — 2c) H — (lna n — 3 ln(]^[ a i)) + c/n a n 



(B.24) 



If we substitute a n = Y^ a i (since we need l n < l i: but for finite 1 that gives zero, so we 
will define a n = a ii an d the l's can differ by a finite amount), the exponent is 



mf(a,i 



lnm 



(3n-4) + ^(ln(^a l )-31n(n«i)) 
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(B.25) 



where 

f( a i) = a ^ ln E a ^ ~ ai ln ( fli ) + £ a i ln fe/^™) (B.26) 

iii j 

then the maximum of f is defined by 

f£ = ln(— ) = - * = * =► f{a hmax ) = (B.27) 
Odi aip n a n p n 

since then d 2 f jda\ — l/a n — l/a* < 0. 

Since we are dealing with the coefficient of a divergent quantity (m), it makes sense to 
keep only the values in the sum over l's where the coefficient is maximum, so we substitute 
Oi/on = Pi/Pn- But then the m term vanishes, and we are left with only In m and constant 
terms in the exponent. But now note that these terms depend on how we define aj's, in 
particular whether l n = + c with nonzero c (or l n = m(^aj) + c), and also whether 
li = mcii + foj. With nonzero c and b{ the exponent is 



ln m - - - In + £ b 3 ln ^ (B.28) 



<*n j Pn 



and so 



(27r) V(piei + p 2 e 2 + ... - p„e n ) 

= -^*^+-"^(27r)-^ I * 1 (gi)y b ^(^)...y^(-g B ) 

Jim* 

/q \1— n/2 c+1/2 

Notice that if one takes c = 3n/2 — 2 + £\ 6, two nice things happen: the divergent m factor 
dissapears and the square brackets become only momentum dependent (using ai/a n = pi/p n ) 

n(-) 3/2 ] ( R3 °) 

Pi 



Appendix C. Identities for limits of wavefunctions 

For the flat space and pp wave limits of wavefunctions in section 4, we need to find the 
limits for 

lim —P^{cos{x/n)) and lim — P^(cos(x/n)) (C.l) 

n^oo fl a n^oo fl a 

where P%'" are Jacobi polynomials, since these appear in the AdS wavefunctions, as well as 
the limits of spherical harmonics of large 1 for the sphere wave functions, as well as the limits 
for Her mite polynomials for the case of flat space limit of the pp wave. 

f_\n Jn 

= ^[ (1 " x) ~ V{1 + xr "^ {(1 " x)U+n{1 + xr+n} (C - 2) 
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Then for x — > 1 — x and expanding in powers in the brackets and taking derivatives we get 

(I — X /2")~ M v (— x /2) m 
P^{l-x) = - p— 22 -j^(n+n)...(n+n-m+l){v+n+m)...(v+m+l) (C.3) 



Then one gets 



lim — P^(cos(x/n)) = V [T^/gg^ = ( 2 ^ 

m>l V 7 



and similarly 



lim VrV^)) = £ ( lrr V T T? ilT = (-^r^V^+fl (C.5) 
n->»n a mil a + m + 1 xvl + p 

m>l v / v / 

For the Hermite polynomials one has 

lim \L a n {x/n)=x- a ' 2 J a {2^) 

n— >oo 77, 

H 2n (x) = {-) n 2 2n n\L- l ' 2 {x 2 ) 

H 2n+1 (x) = {-T2 2n+1 n\xL]!\x 2 ) (C.6) 

which implies 



lim y^T^n(^) = J-C0S(2X) 



(— ) n x 12 

lim f gaM-i(-7=) = \sin(2x) (C.7) 

For the pp wave limit of AdS wavefunctions, we first write an alternative version for 
P^i}- — x). We replace x — > 1 — x in ()C.2|) and first take derivatives (and not expand), we 
get 

P n^-*) = YnY,{ n V )(n-m )(-*r m (2-*) m (C8) 

m=0 ^ ' ^ ' 

Then one gets 

lim P n -(cos * ) = ± ( n + " ) = (C . 9) 

a^oo n ^ \n-m I m! 



where L y n (x) are Laguerre polynomials. 

The d-dimensional harmonic oscillator in spherical coordinates has the Schrodinger equa- 
tion 

(-A + aiW - 2^)$ = (-^ + + -Wj* = (CIO) 
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with the separated solution 

Km = Xni(r)Y m (e) (C.ll) 

and the radial equation 

{-[£ + — £ - * ( ' + d 9 " 2) ] + »W - 2»E n } Xnl (r) = (C.12) 
ar z r ar r z 

Separating the small r behaviour \ ~ r a =>- a = I and the large r behaviour \ = e -7 " 2 ^/ 2 , 
i.e. 

x = r l e- r2 ^ /2 G{r) (C.13) 
one finds for G in z = \fr variables the equation 

zG" + G'[l + d/2 - z(fioo)} + - ^-{l + d/2)] = (C.14) 

which is the Laguerre equation, provided we have the quantization condition 

E n -u(l + d/2) = 2n (C.15) 
thus the d dimensional harmonic oscillator in spherical coordinates has the wavefunctions 

Km = N nl r l e-^ r2 / 2 L l n +d / 2 -\fiur 2 )Y m (e) (C.16) 

Appendix D. General 3-point function of scalars 



Take 

(27r) 3 \x 12 \ 2a3 \x 13 \ 2 ^\x 2 3\ 2ai ' 

Using that kit 1 + k<£i + k 3 t 3 = «i(t 2 + h) + ot 2 (ti +^3) + ^3(^1 +h) and then using (|5.5|) and 
()5.6|) as well as shifting as usual by t\ and making the t\ integral to get the delta function 
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we get 



a 123 S( Pl +p 2 +p 3 ) J / ^e*^--**) / d J^ e ^-^) 

^— i a;? — cj 2 , — ze ^ a;? — a> 2 , — ze ^ uj% — Ji , — ie 

n 3 Z 3 m 3 d ™3«3 mil mi 1 niil n 2 Z 2 m 2 2 n2 ' 2 



ai23<HPi+P2+P3) / ^— V 7 r^h 2 



K^lh^hMl (fgPiigi (£3) fe "2^ 2 y i2m 2 ( e l)^2^2(63) 
= <W(>1 +P 2 + P 3 ) Yl k nih k n2h k n 3 l 3 

(E (ei)^ 2 ^ 2 (e 3 )) (E ^ (e 2 ) ) 

m\ m 2 m*3 
[-J I I 

2w n3i3 (pa =f ^„ 3 i 3 ) 2 - cj 2 ih (pa + p 3 =F ^n 3 « 3 ) 2 - <*& fa 

I 1 1 

2u nih {p 2 ± a; niZl ) 2 - ul 3h {p 3 + u nth ) 2 - u; 2 ^ 

II 1 , s 

+ 0.. ~, 772 l a ] (D-2) 



2^n 2 / 2 (P3 + =F ^n 2 « 2 ) 2 ~ wj,, s (p 3 =F ^„ 2 i 2 ) 2 ~ 



nih 



where in the second line we did the t 2 i,t 3 i,u 2 ,u 3 integrals and in the last line also the ui 
integral and the ±, =F indicate a sum of terms over the two values. Here 

= 2u nl T(n + a + 1 - f )I> + I + a) 1 
nl R d ~ l n\T(n + 1 + 1) T(a + 1 - f ) 2 1 ' J 

and at large R in the jH] case (large n, fixed a and 1) we have 



k 2 nl R d - 1 n 2a ~ d ER 2u 1 



2uj nl r(« + i-f) 2 v 2 ' v{v + \y 



(D.4) 



Note that doing the sums over m's we could rewrite the spherical harmonics as Y\ x (e 2 
e 3 )Y h (ei ■ e 3 )Y h (ei ■ e 2 ), where F;(cosa) is P;(cosa). 
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